We study the basic properties of the link volume and related invariants, in particular observing that for any hyperbolic manifold M, Vol(M) < LinkVol(M). We prove a structure theorem (Theorem 1.1) that is similar to (and uses) the celebrated theorem of Jørgensen and Thurston. This leads us to conjecture that, generically, the link volume of a hyperbolic 3-manifold is much bigger than its volume (for precise statements see Conjectures 1.2 and 1.3).
INTRODUCTION
The study of 3-manifolds as branched covers of S 3 has a long history. In 1920 Alexander [1] gave a very simple argument showing that every closed orientable triangulated 3-manifold is a cover of S 3 branched along the 1-skeleton of a tetrahedron embedded in S 3 . We explain his construction and give basic definitions in Section 2. Clearly, if a 3-manifold M is a finite sheeted branched cover of S 3 , then M is closed and orientable. Moise [16] showed that every closed 3-manifold admits a triangulation; thus we see: a 3-manifold M is closed and orientable if and only if M is a finite sheeted branched cover of S 3 . From this point on, by manifold we mean connected closed orientable 3-manifold.
Alexander himself noticed one weakness of his theorem: the branch set is not a submanifold. He claimed that this can be easily resolved, but gave no indication of the proof. In 1986 Feighn [6] substantiated Alexander's claim, Modifying the branch set to be a link. Thurston showed the existence of a universal link, that is, a link L ⊂ S 3 so that every 3-manifold is a cover of S 3 branched along L. Hilden, Lozano and Montesinos [9] [10] drastically simplified Thurston's example showing, in particular, that the figure eight knot is universal. Cao and Meyerhoff [4] showed that the figure eight knot is the hyperbolic link of smallest volume. In this paper, we consider hyperbolic links and consider their volume as a measure of complexity, hence we see that every 3-manifold is a cover of S 3 , branched along the simplest possible link. Our goal is to define and study invariant that asks: how efficient is the presentation of a 3-manifolds as a branched over of S 3 
The link volume of M, denoted LinkVol(M), is the infimum of the complexities of all covers M p → (S 3 , L), subject to the constraint that L is a hyperbolic link; that is:
Given a hyperbolic manifold M we consider its volume, Vol(M), as its complexity. This is consistent with our attitude towards hyperbolic links, and is considered very natural by many 3-manifold topologists. Why is that? What is it that the volume actually measures? Combining results of Gromov, Jørgensen, and Thurston (for a detailed exposition see [11] ) we learn the following. Let t C (M) denote the minimal number of tetrahedra required to triangulate a link exterior in M, that is, the least number of tetrahedra required to triangulate M \ N (L), where the minimum is taken over all possible links L ⊂ M (possibly, L = ) and all possible tringulations of M \ N (L). Then there exist constants a, b > 0 so that (1) aVol
(M) ≤ t C (M) ≤ bVol(M).
We consider invariants up-to linear equivalence, and so we see that Vol and t C are equivalent. This gives a natural, topological interpretation of the volume. In this paper we begin the study of the link volume, with the ultimate goal of obtaining a topological understanding of it.
The basic facts about the link volume are presented in Section 4. The most important are the following easy observations: The second point begs the question: is the link volume of hyperbolic manifolds equivalent to the hyperbolic volume? As we shall see below, the results of this paper lead us to believe that this is not the case (Conjectures 1.2 and 1.3).
The right hand side of the Inequality (1) implies that, for fixed V , any hyperbolic manifold of volume less than V can be obtained from a manifold X by Dehn filling, where X is constructed using at most bV tetrahedra. Since there are only finitely many such X 's, this implies the celebrated result of Jørgensen-Thurston: for any V > 0, there exists finite collection of compact "parent manifolds" {X i , . . . X n }, so that ∂X i consists of tori, and any hyperbolic manifold of volume at most V is obtained by Dehn filling X i , for some i . Our first result is: 
2) E i can be triangulated using at most ΛV /p tetrahedra (hence X i can be triangulated using at most ΛV tetrahedra and φ i is simplicial).
For V > 0, let M V denote the set of manifolds of link volume less than V . Since the link volume is always obtained, applying Theorem 1.1 to covers realizing the link volumes of manifolds in M V , we obtain a finite family of "parent manifolds" X 1 , . . . , X n that give rise to every manifold in M V via Dehn filling, much like Jørgensen-Thurston. The extra structure given by the projection φ i : X i → E i implies that the fillings that give rise to manifolds of low link volume are very special:
Fix V , and let X i be as in the statement of Theorem 1.1. Then for any hyperbolic manifold M that is obtained by filling X i we have Vol(M) < Vol(X i ). On the other hand, it is by no means clear that LinkVol(M) < V , for it is not easy to complete the diagram in Theorem 1.1:
(1) X i must cover a manifold E i . (2) The covering projection and the filled slopes must be compatible (see Subsection 2.3 for definition).
(3) The slopes filled on E i must give S 3 , a very unusual situation since E i is hyperbolic. These lead us to believe that the link volume, as a fuction, is much bigger than the volume. Specifically we conjecture: Conjecture 1.2. Let X be a complete finite volume hyperbolic manifold with one cusp. For a slope α on ∂X , let X (α) denote the closed manifold obtained by filling X along α.
Then for any V > 0, there exists a finite set of slopes F on ∂X , so that if LinkVol(X (α)) < V , then α intersects some slope in F at most V /2 times.
As is well known, the volume of the figure eight knot complement is about 2.029 . . ., twice v 3 , the volume of a regular ideal tetrahedron. By considering manifolds that are obtained by Dehn filling the figure eight knot exterior we see that Conjecture 1.2 implies:
To describe our second result, we first define the knot volume and a few other variations of the link volume; for the definition simple cover see the Subsection 2.2.
Definitions 1.4.
(1) The knot volume of a 3-manifold M is obtained by considering only hyperbolic knots in the definition of the link volume, that is,
(2) The simple knot volume of a 3-manifold M is obtained by considering only simple covers in the definition of the knot volume, that is, 
K a hyperbolic knot, the cover is simple, and
Similarly, one can play with various restrictions on the covers considered. However, one must ensure that the definition makes sense. For example, the regular link volume can be defined using only regular covers. This makes no sense, as not every manifold is the regular cover of S 3 . It follows from Hilden [8] and Montesinos [17] that every 3-manifold is a simple 3-fold cover of S 3 branched over a hyperbolic knot; hence the definitions above make sense. Our next result is an upper bound, and holds for any of the variations listed in Definitions 1.4. Since these definitions are obtained by adding restrictions to the covers considered, it is clear that KnotVol s,3 (M) is greater than or equal to any of the others, including the link volume. We therefore phrase Theorem 1.6 below for that invariant. But first we need: Definition 1.5. Let T be a torus, and µ, λ generators for H 1 (T ). By identifying µ with 1/0 and λ with 0/1, we get an identification of the slopes of H 1 (T ) with Q ∪ {1/0}, where an element of H 1 (T ) is called a slope if it can be represented by a connected simple closed curve on T . Then the depth of a slope α, denoted depth(α), is the length of the shortest contiuded fraction expenssion representing p/q. For a collection of tori T 1 , . . . , T n with bases chosen for H 1 (T i ) for each i , we define 
Organization. This paper is organized as follows. In Section 2 we go over necessary background material. In Section 3 we explain some possible variation on the link volume. Notably, we define the surgery volume (definition due to Kimihiko Motegi) and an invariant denote pB(M) (definition due to Ryan Blair). We show that ,in contrast to the link volume, the surgery volume of hyperbolic manifolds is bounded in terms of their volume. We also show that pB(M) is linearly equivalent to g (M), the Heegaard genus of M. In Section 4 we explain basic facts about the link volume and list some open questions. In Section 5 we prove Theorem 1.1. In Section 6 we prove Theorem 1.6.
BACKGROUND
By manifold we mean connected, closed, orientable 3-manifold. In some cases, we consider connected, compact, orientable 3-manifolds; then we explicitly say compact manifold. By hyperbolic manifold X we mean a complete, finite volume Riemannian 3-manifold locally isometric to H 3 . It is well know that any hyperbolic manifold X is the interior of a compact manifoldX andX \ X = ∂X consists of tori. To simplify notation, we do not refer toX explicitly and call ∂X the boundary of X . We assume familiarity with the basic concepts of 3-manifold theory and hyperbolic manifolds, and in particular the Margulis constant. By volume we mean the hyperbolic volume. The volume of a hyperbolic manifold M is denoted Vol(M).
We follow standard notation. In particular, by Dehn filling (or simply filling) we mean attaching a solid torus to a torus boundary component.
Branched covering.
We begin by recalling Alexander's Theorem [1] ; because this theorem is very short an elegant, we include a sketch of its proof here. Note that the 1-skeleton of T is K n+1 , the complete graph on n + 1 vertices. Label these vertices with the labels 0, . . . , n so that every label appears exactly once.
We define a function from T
to S n by sending each k-face simplicially to the unique k-face of S n with the same labeling (for k < n); it is easy to see that this function is well defined. However, the n-cells of M can be sent to either of the two n simplices of T ′ M . We pick the simplex so that the map is orientation preserving.
It is left to the reader to verify that this is indeed a cover, branched over the n − 2 skeleton of the triangulation of S n . Proof. It is well known that a p-fold cover of M branched along B is determined by a presentation of π 1 (M \B) into S p , the symmetric group on p elements (see, for example, [22] ). The lemma follows from the fact that π 1 (M \ B) is finitely generated and S p is finite. Let M → (S 3 , L) be a 3-fold simple cover branched along the link L. We view L diagrammatically, as projected into S 2 ⊂ S 3 in the usual way. Since the cover is simple, each generator in the Wirtinger presentation of S 3 \ L corresponds to a permutation in the symmetric group on 3 elements (that is, (1 2)(3) or (1 3)(2) or (2 3)(1)). We consider these as three colors, and color each strand of L accordingly. By assumption, M is connected; hence not all generators correspond to the same permutation. Finally, the relators of the Wirtinger presentation guarantee that at each crossing wither all three color appear, or only one color does. Thus we obtain a 3 coloring of the strands of L.
Montesinos proved that if we replace a positive crossing where all three colors appear by 2 negative crossings the cover is not changed. This is called the Montesinos move. The reason is simple: the neighborhood of a 3-colored crossing is a ball, and its cover is a ball as well. (This is false if only one color appears at the crossing!) More generally, when all three colors appear we can replace n half twists with n +3k half twists (n, k ∈ Z). The case n = 0 is allowed, but then we must require that the two strands in question have distinct colors. We denote such a move by n → n+3k Montesinos move. In Figure 1 we show a few views of the Montesinos Move.
Finally, we record the following fact for future reference. It is easy to see that the p- 
Slopes on tori and coverings.
Recall that s slope on a torus is the free homotopy class of a connected simple closed curve, up to reserving the orientation of the curve. For this subsection we fix the following: let X and E be complete hyperbolic manifolds of finite volume, and φ : X → E an unbranched cover. Let T be a boundary component of X ; note that φ induces an unbranched cover T → φ(T ). Let α be a slope on T realized by a connected simple closed curve γ ⊂ T . Then φ(γ) is a (not necessarily simple) connected essential curve on φ(T ). Since φ(T ) is a torus, there is a curveβ on φ(T ) so that φ(γ) is homotopic toβ m , for some m = 0. Let β be the slope defined byβ. Define the function φ ↓ from the slopes on T to the slopes on φ(T ) by setting φ ↓ (α) = β.
Conversely, let α be a slope on φ(T ) realized by a connected simple closed curve γ ⊂ φ(T ). Then φ −1 (γ) is a (not necessarily connected) essential simple closed curve. Each component of φ −1 (γ) defines a slope on T , and since these curves are disjoint, they all define the same slope, say β. Define the function φ ↑ from the slopes on φ(T ) to the slopes on T by setting φ ↑ (α) = β. It is easy to see that φ ↓ is the inverse of φ ↑ . We say that α and φ ↓ (α) are corresponding slopes.
Suppose that we Dehn fill T and φ(T ). If the slope filled are not corresponding, then the curve filled on T maps to a curve of φ(T ) that is not null homotopic in the attached solid torus. Thus the map φ cannot be extended into that solid torus.
Conversely, suppose that corresponding slopes are filled. We parametrize the attached solid tori as S 1 × D 2 , and extend φ into the solid tori by coning along each disk
. It is easy to see that the extended map is a cover, branched (if at all) along the core of the attached solid torus. (The local degree at the core of the solid torus is the number denoted by m in the construction of φ ↓ above.)
In conclusion, φ induces a correspondence between slopes of T and slopes on φ(T ), and φ can be extended to the attached solid tori to give a branched cover after Dehn filling if and only if corresponding slopes are filled.
Next, let T 1 , T 2 ⊂ ∂X be tori that project to the same component of ∂E . Then two bijections φ ↓ from the slopes of T 1 and T 2 to the slopes of φ(T 1 ) = φ(T 2 ) induce a bijection between the slopes of T 1 and the slopes of T 2 ; again we call slopes that are interchanged by this bijection corresponding. Filling T 1 and T 2 along corresponding slopes is called consistent, inconsistent otherwise. Note that after filling X there is a filling of E so that the cover X → E extends to a branched cover if and only if the filling of X is consistent on every pair of components of ∂X .
Hyperbolic alternating links.
In this subsection we follow Chapter 4 of Lickorish [14] . We begin with the following standard definitions: The twist number of a link L, denoted t (L), is the smallest number of equivalence classes in any diagram for L. Thus, for example, the obvious diagram of twist knots show they have twist number at most 2.
Lackenby [13] gave upper and lower bounds on the hyperbolic volume of link exteriors in terms of their twist number. We emphasize that the lower bound holds for alternating links (or, more precisely, for alternating diagrams), while the upper bound holds for all links. It is the upper bound that we will need in this work, hence we need not assume the diagram alternates. We will need: Theorem 2.9 (Lackenby [13] ). There exists a constant c so that for any hyperbolic link L, It is easy to see that the preimage of a bridge surface S for L is a Heegaard surface for M, say Σ. Since S is a 2b punctured sphere, χ(S \ L) = 2 − 2b. Its preimage has Euler characteristic p (2−2b) . We obtain Σ by adding some number of points, say n ≥ 0. Then χ(Σ) = p(2 − 2b) + n. Thus we get:
Since pB(M) is positive integer valued, the infimum is obtained. By considering a cover that realizes pB(M), we obtain a surface Σ so that
The converse is highly non-trivial. Given an arbitrary manifold M, Hilden [8] con-
The construction uses an arbitrary Heegaard surface Σ ⊂ M. One feature of Hilden's construction is that b(L) ≤ 2g (Σ) + 2. Since Σ was an arbitrary Heegaard surface, we may assume that g (Σ) = g (M). Thus we see that pB(M) ≤ 6g (M) + 6. Combining the inequalities we got we obtain:
Thus we see that the Heegaard genus and pB are equivalent.
Another variation, suggested by Kimihiko Motegi, is the surgery volume. Given a manifold M, it is well known that M is obtained by Dehn surgery on a link in S 3 , say L. By Myers [19] , every compact 3-manifold admits a simple knot. Applying this to
via surgery along L ′ (with the original surgery coefficients on L and the trivial slope on K ), we conclude that M is obtained from S 3 via surgery along a hyperbolic link. The surgery volume of M is then
Neumann and Zagier [20] showed that if a hyperbolic manifold N 1 is obtained by filling a hyperbolic manifold N 2 , then Vol(N 1 ) < Vol(N 2 ). Applying this in our setting (with S 3 \ L ′ as N 1 and M as N 2 ) we see that for any hyperbolic manifold M, Vol(M) ≤ SurgVol(M).
We note that there exists a function f : (0, ∞) → (0, ∞) so that any hyperbolic manifold M is obtained by surgery on a hyperbolic link L ⊂ S 3 with Vol(
To see this, fix V and let X 1 , . . . , X n be the set of parent manifolds of all hyperbolic manifolds of volume at most V . For each X i there is a link L i in S 3 , so that X i is obtained by surgery on some of the components of L i and drilling the rest. Therefore, any hyperbolic manifold M with volume at most V is obtained on surgery on some L i (i = 1, . . . , n) . Set
We get:
The surgery volume and the hyperbolic volume are equivalent if there is a linear function f as above; we do not know if this is the case.
BASIC FACTS AND OPEN QUESTIONS
Basic facts about the Link Volume:
The link volume is obtained: that is, for every M there exists a cover
Recall that the link volume was defined as an infimum. To see that there is a cover realizing it, we need to show that the infimum is obtained. 
The link volume is bigger than the volume: If M is hyperbolic then Vol(M) < LinkVol(M): this follows immediately from the previous point and the fact the volume always goes down under Dehn filling [20] .
The spectrum of link volumes is well ordered: it follows from the second point above that the spectrum of link volumes is a subset of the spectrum of hyperbolic volumes. Since the spectrum of hyperbolic volumes is well ordered, so are all of its subsets.
The spectrum of link volumes is "small": the reader can easily make sense of the claim the the spectrum of link volumes is a very small subset of the spectrum of hyperbolic volume. In fact, the spectrum of link volumes is a subset of the spectrum integral products of volumes of hyperbolic links in S 3 . However, it is not too small: there are infinitely many manifolds M with LinkVol(M) < 7.22 . . .. Moreover, in [21] Jair Remigio-Juarez and the first named author showed that there are infinitely many manifold of the same link volume, just under 7.22 . . .. This is in sharp contrast to the hyperbolic volume function which is finite-toone.
For the remainder of this paper we will often use these facts without reference. and Vol(M 1 ) = Vol(M 2 )? We note that the examples of manifolds with the same link volume mentioned above are all Siefert fibered spaces. Let X φ denote the preimage of E L in M. Then the cover φ : M → S 3 induces an unbranched cover φ : X φ → E L . By lifting the hyperbolic structure from E L to X φ , we see that X φ is a finite volume hyperbolic manifold.
By construction, the following diagram commutes (where vertical arrows represent the covering projections and horizontal arrows represent Dehn fillings):
By Jørgensen and Thurston (see, for example, [11] ), there exists a constant Λ (depending on µ and d ), so that for any complete, finite volume hyperbolic manifold N , the d -neighborhood of the µ-thick part of N can be triangulated using no more than ΛVol(N ) tetrahedra. Applying this to N = S 3 \ L, since the d -neighborhood of the µ-thick part of N is E L , we see that E L can be triangulated using at most ΛVol(S 3 \ L) = ΛLinkVol(M)/p < ΛV /p tetrahedra.
Since there are only finite many manifolds that can be triangulated using at most ΛV /p tetrahedra, there are only finitely many possibilities for E L .
Lifting the triangulation from E L to X φ , we see that X φ can be triangulated with at most ΛLinkVol(M) < ΛV tetrahedra, and that φ : X φ → E L is simplicial. This shows that there are only finitely many possibilities for X φ and φ. We denote them {φ i :
THE LINK VOLUME AND DEHN FILLING
In this section we prove Theorem 1.6. The proof is constructive and requires two elements, the first is Hilden's construction of simple 3-fold covers of S 3 , and the second is the results of Thurston and Menasco that show that an alternating link that "looks like" a hyperbolic link is in fact hyperbolic. For the latter, see Subsection 2.4. We now explain the former.
In [8] , Hilden showed that any 3-manifold is the simple 3-fold cover of S 3 . The crux of his proof is the construction, for any g , of a 3-fold branched cover p : V g → B, where V g is the genus g handlebody and B is the 3-ball. He then proves that any map f : ∂V g → FIGURE 2. S 3g +2 embedded in the x y-plane ∂V g can be isotoped so as to commute with p. Thus f induces a mapf : ∂B → ∂B so that the following diagram commutes (here the vertical arrows denote Hilden's covering projection):
Starting with a closed, orientable, connected 3-manifold M, Hildens uses a Heegaard splitting of M = V g ∪ f V g ; the construction above gives a map to B ∪f B ∼ = S 3 . This is, in a nutshell, Hilden's construction of M as a cover of S 3 . Our goal is using a similar construction to get a map from X . Since X has boundary it cannot branch cover S 3 , and we must modify Hilden's construction. To that end, we first describe the cover p : V g → B in detail. Let S 3g +2 be the 3g + 2 times punctured S 2 , viewed as a 3g -times punctured annulus. Then S 3g +2 ×[−1, 1] admits a symmetry of order two (rotation by π about the y-axis) given by (x, y, t ) → (−x, y, −t ), where S 3g +2 is embedded symmetrically in the x y-plane as shown in Figure 2 .
S 3g +2 × [−1, 1] also admits a symmetry of order 3 by rotating S 3g +2 about the origin of the x y-plane and fixing the [−1, 1] factor. These two symmetries generate an action of the dihedral group of order 6 on S 3g +2 × [−1, 1]. It is easy to see that the quotient is a ball. On the other hand, the quotient of S 3g +2 × [−1, 1] by the order two symmetry is V g . This induces the map f : V g → B; note that this is a cover, branched along a trivial tangle with g + 2 arcs (thus the branch set of the map M → S 3 described above is a g + 2 bridge link, and the braiding is determined byf ). This is Hilden's construction, see Figure 3 , where the branch set of V g → B is indicated by dashed lines (in B). A Heegaard splitting for the manifold with boundary X is a decomposition of X into two compression bodies; we assume the reader is familiar with the basic definitions (see, for example, [5] ). We use the notation V g ,n for a compression body with ∂ + V g ,n a genus g surface and ∂ − V g ,n a collection of n tori (so 0 ≤ n ≤ g ). Since ∂X consists of n tori, any Heegaard splitting of X consists of two compression bodies of the form V g ,n 1 and V g ,n 2 , for some g , n 1 , n 2 with n 1 + n 2 = n. We use the notation V * g ,n i Since compression bodies do not admit simple 3-fold branched covers of the type we need, we work with V * g ,n i , see Figure 4 . Figure 4 is very similar to Figure 3 , but has a few "decoration" added in blue. The circles added to S 3g +2 ×[−1, 1] are embedded in S 3g +2 × {0}. There are exactly 3n i such circles. Clearly, they are invariant under the dihedral group action, and their images in V g and B are shown. By removing an appropriate neighborhood of these circles and their images, we get a simple 3-fold cover from V * g ,n i
to B * n i . Applying Hilden's theorem to the gluing map f : ∂ + V g ,n 1 → ∂ + V g ,n 2 , we obtained a mapf : ∂B n 1 → ∂B n 2 . Clearly, downstairs we see the manifold obtained by removing n 1 + n 2 = n open balls from S 3 ; we denote it by S 3, * . Note that the branch set is a tangle (that is, a 1-manifold properly embedded in S 3, * ) that intersects every sphere boundary component in exactly 4 points; we denote this branch set by T . Moreover, the preimage of each component of ∂S 3, * consists of exactly two components: a torus that double covers it, and a sphere that projects to it homeomorphically. The map from the torus in ∂X * to the sphere in S 3, * is the quotient under the well known hyperelliptic involution.
Hilden's construction, as adopted to our scenario, is the key to everything we do below. We sum up its main properties here: Recall that in Theorem 1.6, X came equipped with a choice of meridian and longitude on each boundary component. S 3, * is naturally a subset of S 3 . We isotope S 3, * in S 3 so that, after projecting it into the plane, the following conditions hold:
(1) The balls removed from S 3 are denotedB i (i = 1 . . ., n). The projection of each B i is a round disk; these disks are denoted B i , see Figure 5 . (2) T intersects each B i in exactly four points. Each of these point is an endpoint of a strand of T . The four point are the intersection of the lines of slopes ±1 through the center of the disk with its boundary, and are labeled (in cyclic order) NE, SE, SW, and NW. (3) We twist the boundary components of S 3, * so that, in addition, the meridian and longitude of the corresponding boundary component of ∂X map to a horizontal and vertical circles, respectively; thses curves (slightly rounded) are labeled µ and λ in Figure 5 . Let T i ⊂ ∂X be the torus that projects to ∂B i . Recall that by Dehn filling T i we mean attaching a solid torus V to T i . V is foliated by concentric tori, with one singular leaf (the core circle). To understand how the hyperelliptic involution extends from ∂V = T i NW NE SW SE
FIGURE 5. T in a neiborhood of B i
into V we construct the following explicit model of the hyperelliptic involution: let T i be the image of R 2 under the action of Z 2 given by (x, y) → (x + n, y + m). Then the hyperelliptic involution is given by rotation by π about (0, 0). The four fixed points on T i are the images of (0, 0), (1/2, 0) (rotate and translate by (x + 1, y)), (0, 1/2) (rotate and translate by (x, y + 1)), and (1/2, 1/2) (rotate and translate by (x + 1, y + 1)). Given any slope p/q (with p and q relatively prime), it is clear that the foliation of R 2 by straight lines of slope p/q is invariant under the rotation by π about (0, 0). The line through (0, 0) goes through (p/2, q/2), which is the image of one of the other three fixed points, as not both p and q are even. Similarly for the lines through (1/2, 0), (0, 1/2), (1/2, 1/2); these lines project to two circles on the torus, with exactly two fixed points on each circle. By considering the images of the foliation of R 2 by lines of slope p/q, we obtain a foliation of ∂V by circles (each representing the slope p/q). In the foliation of V by concentric tori, each torus admits such a foliation, and the length of the leaves limit on 0 as we approach the singular leaf. At the limit, we see that the involution on the nonsingular leaves induces an involution of the singular leaf whose image is an arc. Thus the hyperelliptic involution of T i extends to an involution on V , whose image is foliated by spheres, with one singular leaf that is an arc. The image of V is a ball, and the branch set is a rational tangle of slope p/q; for more about rational tangles and their double covers see, for example, [22] . We denote this rational tangle by R i . Notation 6.2. We assume the rational tangles we study have been isotoped to be alternating (it is well known that this can be achieved). Two rational tangles are considered equivalent if the following two conditions hold:
(1) The over/under information of the strands of the rational tangles coming in from the NE are the same. Since the rational tangle is alternating, this implies that the over/under information from the other corners is the same as well.
(2) The strands of the rational tangles that start at NE end at the same point (SE, SW, or NW).
Note that the crossing information is ill-defined for the two tangles 1/0 and 0/1, as they have no crossings. We arbitrarily choose an equivalent class for each of these tangle, so that the second condition is fulfilled. We obtain 6 n possible equivalence classes (recall that n = |∂X |).
Given slopes on T 1 , . . . , T n , we get rational tangles R 1 , . . . , R n , as described above. In each B i we place a rational tangle, denoted R i , so that R i ∈ {±1, ±2, ±1/2}, representing the same equivalence class as R i . We assume that their projections into B i are as in Figure 7 . We thus obtain a link, denoted T , and a diagram for T , denoted D. Since T and D only depend on the equivalence classes of the slopes, when considering all possible slopes, we obtain finitely many links and diagrams (specifically, 6 n ). In order to obtain hyperbolic branch set, we will, eventually, apply Mensaco [15] as explained in Subsection 2.4. To that end we will need to make the branch set alternating. As we shall see below, we do this using a 1 → −2 and −2 → 1 Montesinos moves; these moves can be used to make the link alternating in a way that is very similar to crossing changes. Below we will show that we can apply Montesinos moves to T , however, we may not apply these moves to the rational tangles inside B i . This causes the following trouble: let α ⊂ T be an interval connecting two punctures, say ∂B i and ∂B i ′ (possibly, i = i ′ ). Assume that the last crossing of R i before α is an over crossing, and that the number of crossings along α is even. Then if we make T alternate, the last crossing along α will be an overcrossing. This means that the first crossing of R i ′ after α must be an undercrossing. This may or may not be the case, and we have no control over it.
In order to encode this, we consider the following graph Γ: Γ has n vertices, and they correspond to B 1 , . . . , B n . The edges of Γ correspond to intervals of T that connect B i to B i ′ (again, i and i ′ may not be distinct). Inspired by the discussion above, we assign signs to the edges of Γ as follows (in essence, good edges get a + and bad edges get a −):
(1) Let I ⊂ T be an interval connecting B i to B i ′ (possibly i = i ′ ) so that the last crossing before I and the first crossing after I are the same (that is, both overscrossings or are both undercrossings), and the number of crossings along I is odd. Then the corresponding edge get the sign +. (2) Let I ⊂ T be an interval connecting B i to B i ′ (possibly i = i ′ ) so that the last crossing before I and the first crossing after I are the opposite (that is, one is an overcrossing and one an undercrossing), and the number of crossings along I is even. Then the corresponding edge get the sign +. If Γ is connected, we pick a spanning tree Γ for Γ. That is, Γ is a tree obtained from Γ by removing edges, so that every vertex of Γ is adjacent to some edge of Γ. In general, we take Γ to be a maximal forest in Γ. A forrest is a collection of trees, or a graph without cycles. A maximal forest in Γ is a graph obtained from Γ by removing a minimal (with respect to inclusion) set of edges so that a forrest is obtained; equivalently, it is the union of maximal trees for the connected components of Γ. Clearly a maximal forest Γ has the following two properties: first, Γ contains no cycles. Second, any edge from Γ that we add to Γ closes a cycle.
Lemma 6.3. There is a sign assignment to the vertices of Γ, so that an edge of Γ has a plus sign if and only if the vertices it connects have the same sign.
Proof of Lemma 6.3 . We induct on the number of edges in Γ. If there are no edges there is nothing to prove.
Assume there are edges. In that case at least one component of Γ is a tree with more that one vertex. Such a tree must have a leaf, say v . Remove v and e, the unique edge of Γ connected to v . By induction, there is a sign assignment for the remaining vertices fulfilling the conditions of the lemma. We now add v and e. Clearly, we can give v a sign so that the condition of the lemma holds for e. The lemma follows.
We now isotope T and accordingly modify D as shown in Figure 6 at each puncture that corresponds to a vertex with a minus sign. Since this changes the number of crossings on some of strands of Γ, we recalculate the signs on the corresponding edges. Note that the isotopy above adds one or three crossing to every strand of T that corresponds to an edge of Γ with sign −, and zero, two, four, or six crossings to every strand of T that corresponds to an edge with sign +. We easily conclude that every edge of Γ has sign +. Moreover: Lemma 6.4. Every edge of Γ has sign +.
Proof. The proof is very similar to the proof that every link projection can be made into an alternating link projection via crossing change and is left for the reader, with the following hint: suppose there exists an edge, say e, whose sign is −. Since we used a FIGURE 7.R i , the representatives for equivalence classes maximal forest, there is a cycle in Γ (say e 1 , . . . , e k ) so that e 1 = e and e i belongs to the maximal forest for i > 1; in particular, exactly one edge of the cycle has sign −. Use this cycle to produce a closed curve (not necessarily simple) in S 2 that intersects he link T transversely an odd number of times. This is absurd, in light of the Jordan Curve Theorem.
Next we prove that X * can be obtained as a 3-fold cover of S 3, * with a particularly nice branch set. We begin with T , T , and D described above; their properties are summed up in Condition (1) of Lemma 6.5 below. For parts of this argument cf. Blair [3] . Recall Definitions 2.5 for standard terms in knot theory.
Lemma 6.5. There exists a link T in S 3 , with projection into S
and the following conditions hold: (1)- (5) we modify T via isotopy; except for the move shown in Figure 9 , the projection of the support of this isotopy is disjoint from ∪ n i =1 B i . Note that in the move shown in Figure 9 each edge gets and even number of crossings added. Hence the signs of the edges of Γ do not change, and Lemma 6.4 still holds after we obtain Conditions (1)- (5). (We use this lemma to obtain Condition (6), and never need it again after that.)
Proof. Condition (1). Condition (1) already holds. We note that none of the moves applied in the proof of this lemma changes this. We will not refer to Condition (1) explicitly.
Condition (2)
. D is diagrammatically split if and only if it is disconnected. Suppose D is disconnected, and let K j and K j ′ be components of T that project to distinct com-
B i be an embedded arc with one endpoint on K j and the other on
B i , hence α exists; α may intersect D in its interior). We perform an isotopy along α, as shown in Figure 8 . After that K j crosses K j ′ outside ∪ n i =1 B i ; clearly, this reduces the number of components of D. Repeating this process if necessary, Condition (2) is obtained.
Condition (3). For each
consists of the tangle in B i and four short segments as in the left hand side of Figure 9 . We assume further that for i = j , N (B i ) ∩ N (B j ) = . Inside each N (B i ) perform the isotopy shown in Figure 9 .
Next we count the number of simple closed curves in S 2 \∪ i B i that intersect D in two points and do not bound a disk ∆ with D ∩ ∆ is a single arc with no crossings. These FIGURE 10. Segments curves are counted up to "diagrammatic isotopy", that is, an isotopy via curves that are transverse to D at all time and in particular are disjoint from the crossings.
Let C 1 , . . . ,C k be the closures of the components of S 2 \( D∪ (∪ i B i ) ). Let γ, γ ′ ⊂ S 2 \∪ i B i be two simple closed curves that intersects D transversely in two simple points. Then D cuts γ into 2 arcs, say one in the region C j and one in C j ′ . Note that if j = j ′ , then C j is adjacent to itself, and in particular there is a simple closed curve in S 2 that intersects D transversely in one point, which is absurd. Condition (2) (connectivity of D) is equivalent to all regions being disks, and hence implies that γ and γ ′ are diagrammatically isotopic if and only if both curves traverse the same regions C j and C j ′ , and γ ∩ ∂C j is contained in the same segments of Figure 10 ; here a segment means an interval I ⊂ S 2 \∪ i int(B i ), so that I ⊂ C j ∩C j ′ , ∂I are crossings or lie on ∂B i for some i , and I contains no crossings in its interior.) For any pair of regions C j and C j ′ , let n j ,j ′ be the number of segments in C j ∩ C j ′ (for example, in Figure 10 , n j ,j ′ = 4). Then we see that the number of simple closed curves that intersect D in two simple points, traverse C j and C j ′ , and do not bound a disk containing a single arcs of D (counted up to diagrammatic isotopy) is are naturally understood to be 0. Hence the total number of such curves (counted up to diagrammatic isotopy) is
Now assume that condition (3) does not hold; then there exist regions C j and C j ′ with n j ,j ′ ≥ 2. Let I be an interval of C j ∩ C j ′ . Since we isolated B i (for all i ) as shown in Figure 9 , the endpoints of I cannot lie on ∂B i and must therefore both be crossings. The move shown in Figure 11 reduces n j ,j ′ by one. This move introduces several new regions, and those are shaded in Figure 11 . Inspecting Figure 11 , we see that for any pair of regions C j , C j ′ that existed prior to the move, n j ,j ′ does not increase, and for any pair of regions C j , C j ′ with at least one new region, n j ,j ′ is 1 or 0. Hence the sum in Equation (2) is reduced, and repeated application of this move yields a diagram D for a link T for which Condition (3) holds; by construction, Condition (2) still holds. 
Condition (5).
Since D is the branch set of the simple 3-fold cover X * → S 3, * it inherits a 3-coloring as explained in Subsection 2.1, where the colors are transpositions in S 3 . Since X * is connected, at least two colors appear in the coloring of T (recall Lemma 2.4; that lemma was stated for covers of S 3 but it is easy to see that it holds for covers of S B i ) = . If int(α) intersects a strand of D whose color is different than the color of c, we cut α short at that intersection. Thus we may assume that any point of int(α)∩ D has the same color as c. We apply the following move (often used by Hilden, Montesinos and others), see Figure 12 . This move reduces the number of one colored corssings outside ∪ i B i , and hence repeating this move gives Condition (5) .
We now verify that Conditions (2)-(4) still hold. Inspecting Figure 12 , we see that Condition (2), which is equivalent to connectivity of D, clearly holds. A simple closed curves that intersects D twice after this moves, intersects it at most twice before the move. By considering these curves and Figure 12 we conclude that Condition (3) holds as well (in checking this, note that intα∩ D maybe empty; to rule out one case, you need to use the coloring: a red arc cannot be connected to a blue arc without a crossing). For each i , the preimage of ∂B i is disconnected; hence the four segments of D on the left side of Figure 9 are all the same color. Since D is connected and has more than one color, is must have a three colored crossing, which cannot be contained in N (B i ) for any i . We can take the point p in the construction above to be a point near that three colored crossing, and in particular, we may assume that p ∈ N (B i ) for any i . Therefore this move effects D ∩ N (B i ) by adding arcs that traverse N (B i ) without interscting B i itself, but not changing any of the existing diagram in the right hand side of Figure 9 . Therefore Condition (4) holds. FIGURE 13. Making the brach set into a knot obtain a knot, completing the proof of of Lemma 6.5 We are now ready to complete the proof of Theorem 1.6. Fix X as in the statement of the theorem and pick a slope on each components of ∂X , say p i /q i on the torus T i ⊂ ∂X ; note that we are using the meridian-longitudes to express the slpes as rational numbers (possibly, 1/0). Construct a 3-fold, simple cover X * → S 3, * as in Lamme 6.5 that corresponds to the appropriate equivalence classes of the slopes (recall Notation 6.2). For convenience we work with D, the digram of T .
We now change the diagram D by replacing the rational tangle R i in B i (that represents the equivalence class of p i /q i ) with the rational tangle R i (that realizes the slope p i /q i ), i = 1, . . . , n. By construction the four strands of D that connect to B i are single colored, and we color the R i by the same color. Thus we obtain a diagram of a three colored link denoted K .
We claim that K has the following properties:
(1) K is a knot. We prove each claim in order:
(1) Since the tangles R i and R i are equivalent they connect the same points on ∂B i (Notation 6.2). By Lemma 6.5 (7), T is a knot. Hence K , which is obtained from T by replacing R i by R i , is a knot as well. (2) By Lemma 6.5 (6), D is alternating. By the definition of the equivalence classes of rational tangles, K (which is obtained by replacing R i by R i ) admits an alternating projection. (3) Let γ ⊂ S 2 be a simple closed curve disjoint from the diagram for K . If γ is diagrammatically isotopic (that is, an isotopy through curves that are transverse to the diagram at all times) to a curve that is disjoint from ∪ i B i then by Lemma 6.5 (2) γ bounds a disk disjoint from D; this disk is also disjoint from the diagram of K . If γ is diagrammatically isotopic into B i , then γ bounds a disk disjoint from the diagram for K since rational tangles are prime. Finally, if γ is not isotopic into or out of ∪ i B i , we violate Condition (4b) of Lemma 6.5. Hence the diagram for K is non-split. (4) This is very similar to (3) and is left to the reader. By Menasco and Thurston (see Corollary 2.8), K is hyperbolic. Next we note that the 3-coloring of K defines a 3-fold cover of S 3 ; by construction, the cover of S 3, * is X * . The cover of each rational tangle is disconnected and consists of a solid torus attached to T i ⊂ ∂X with slope p i /q i , and a ball attached to a component of ∂X * \∂X . Thus we obtain X (p 1 /q 1 , . . . , p n /q n ) as a simple 3-fold cover of S 3 branched over K .
We now isotope each rational tangle R i to realize its depth, that is, realizing the twist number of each rational tangle (recall Subsection 2.5). The twist number of R i is exactly depth(p i /q i ). The tangle T (which is the projection of K outside ∪ i B i ) has a fixed number of twist regions, say t . Hence the total number of twist regions is t + n i =1 depth(p i /q i ) = t + depth(α) (where α = (α 1 , . . . , α n ) denotes the multislope on ∂X , as in Section 1). This gives an upper bound for the twist number for K : t (K ) ≤ t + depth(α).
Lackenby [13] (recall Subsection 2.5) showed that there exists a constant c so that:
Hence we get:
KnotVol s,3 (X (α 1 , . . . , α n )) ≤ 3Vol(S 3 \ K ) ≤ 3ct (K ) ≤ 3ct + 3c(depth(α)).
By setting A = 3c and B = 3ct , we obtain constants fulfilling the requirements of Theorem 1.6 that are valid for any multislope α ′ = (α in the same equivalence class as α i . As there are only finitely many (specifically, 6 n ) equivalence classes, taking the maximal constants A and B for these classes completes the proof of the theorem.
